7. THE /O IT:
The Input/Output Impedance Theorem

How to find them directly from the Gain, thereby saving
almost two-thirds of the work
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Why do we need to deal with input and

output impedances?
1. They may be part of the specifications.

2. They describe the interaction between two system blocks, and are
therefore components of the Divide and Conquer approach,
specifically incorporated in the Chain Theorem.

Definitions of "input" and "output:"

Input and output impedances are transfer functions (TFs), just as

is the gain.

A TF is a ratio of one signal in a circuit to another, so the most general
definition of "input" and "output" is that the "input" is the signal in the

denominator, and the "output" is the signal in the numerator:

"output”

- — = transfer function TF
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If numerator and denominator are both voltages or currents, the TF is
a voltage gain or a current gain; if the numerator is a voltage and the
denominator is a current, the TF is a transimpedance (and vice versa for

a transadmittance).

If the numerator is the voltage across the same port into which the

denominator current flows, the TF is a self-impedance.

The denominator of a TF is not necessarily an independent excitation; the

independent excitation may be elsewhere.

Thus, there are three kinds of "input":
1. A signal at a port designated as "input”

2. An independent excitation

3. The denominator of a TF
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Driving Point Impedance

The port at which a circuit is driven is the driving point.

One of the many TFs of interest is the driving point impedance, which is

the self-impedance "seen" at the driving point:

driving

point

A system usually has designated signal "input" and "output” ports:
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Input Impedance

Zg4y = - =Z; = input impedance

at the signal input port

Note: the "input" signal for the input impedance TF is i;, although the
input signal for the gain TF may be v; or i;, depending upon the

defPrition of the gain_ http://www.RDMiddlebrook.com
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Output Impedance

Zgy = =Z, = output impedance

at the signal output port
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Conventional Approach

Calculate the gain H
Calculate the output impedance Z,,

Calculate the input impedance Z;

Usually these are done separately, each starting from scratch, and they may

be equally lengthy analyses (especially if there is feedback present).

However, much of the analysis is the same in each case, so there is

motivation to find a short cut that avoids the repetitions.
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Consider the simple voltage divider:

O 1 OO0y = Hei
é; Zl
1 + — Z e
o 7 2 2
O O

The three analyses lead to:

Z,

H=_%°2
Zl +Zz

Z;=721+2, Z,=271\2,

The "hard part" in each case is calculation of Z; + Z,.

However, Z; and Z, can be written in terms of H :
Z;

zi="2 Z,=27:H

Thus, the sum Z; + Z, need be calculated only once to find H, and then

Z; and Z ,can be found as products or quotients of H.
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This trick doesn't work for more complex circuits, but there is still
motivation to find a way to calculate Z; and Z, from H instead of

starting from scratch.

v.0.1 3/07 http://www.RDMiddlebrook.com
7. The l/OIT



Inner and Outer Input and Output Impedances

Forward voltage gain A, = ‘L

There are two kinds of input and output impedances, depending on
whether the system is defined to include the source and load

impedances or not.

outer input impedance = Z; outer output impedance =7,

* *
inner input impedance =Z; inner output impedance =Z,
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Output Impedance Theorem

Forward voltage gain A, = ‘L

iL UL Av

Forward transadmittance gain Y} = = =
es Zres Zp

. : A
Short-circuit forward transadmittance gain Ytsc =0

Zy

ZL—)O
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Output Impedance Theorem

: v
Forward voltage gain A, = =
€s
O
€g ZO
<+> -> Ayes
Z;
O
oc output voltage Age
Z, P 5 for the same eg =029
sc output current Y eg
;v _ fwd voltage gain
0 Ytsc sc fwd transadmittance
A
Z, = Av This is the Output Impedance Theorem
Ao
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Input Impedance Theorem

Convert the Thevenin independent source eg,Zg to a Norton equivalent:

Forward transimpedance gain

0 0
Z, =-L-_"L
5 JS|zgser
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Input Impedance Theorem

Forward transimpedance gain

oL oL oL
5 §1Zg—w 7o
5 ZS —>» 00
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Input Impedance Theorem

Forward voltage gain A, = ‘L

Forward transimpedance gain

_9L _ 71 _ L L
Ly == = = :ZSAU‘Z 0
is  Jjs| s oL/ 4y s
Zg—o 7 7
v.0.1 3/07 http://www.RDMiddlebrook.com 15

7. The /O IT



Input Impedance Theorem

Forward voltage gain A, = ‘L

_ input voltage

Z; = input current for the same vy = VZ
7. _ Zy _ fwd transimpedance t
A, fwd voltage gain
ZgA
i= ° jzs 2% Thisis the Input Impedance Theorem
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Inner and Outer Input and Output Impedances

01 = Aves
O
es
® <=
ZO
O

The value of the formulas is that once the gain is known, only a simple
limit with respect to either Z; or Zg need be calculated to find the outer

output or input impedances Z, or Z;.
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Inner Input and Output Impedances

It is obvious that

Z * _ Z _ AT) . Av ZL—)OO
.
2Lz, 50 7, o0 2Lz, 50
7 * ‘ B ZSAU‘ZS_,OO 3 ZSAU‘ZS_)OO
i~ 2zg—0 ~ -
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Inner Input and Output Impedances

Thus, all four input and output impedances can be found

by taking simple limits upon the gain A,,.
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This has been treated already. The result for the gain A is:

v Ry vy = Avq 1+ 5
MN ! 1 —° A=Ay )
S S
7k ¢ o . (1 )(1+ )
0.1uF 100k A= RL _ 1
C "R +R " C1(Ry + Rq|R
2 == 1+ R, C1(Ry +Rq|Ryp)
Z; Ry < 0.002uF
1
l l C1R; Ca(Rq|Ry|Ry)
1\ ©
The formula for the outer input impedance is
i~ A
Since Rq is a surrogate Zg,
A
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NN—1 I — A=Ay ==
s s
vk L R (1+a) 1+ )
0.1uF 100k A= RL _ 1
C 0= =
2 — § R1+RL Cl(R2+R1HRL)
Z; R, % 0.002 F
1k 1 1
Dy = ——— WH =
P l L o © 1Ry C>(R1|Rz|Ry)
The limit can be taken factor by factor:
1+ S) s s
RIA‘RI_)OO RlAO‘Rl—)oo ( @r R{—x (1 + o)) 1+ [0))
Zi —_ —_
A Ag (1+af) (1+5) (1+5)
z | Rl —>»00 2 Rl —>»00
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ANN— - — A=Ay =
S S
47k 0 Rp (1+a’1)(1+wz)
0.1uF 100k A= Ri _ 1
C2 e § 0 R1+RL Cl (R2+R1HRL)
Z; Ry < 0.002uF
1k . = 1 o = 1
= - ) =
g : — T GR C2(R1|Rz|Ry)
The limit can be taken factor by factor:
1+ S) s s
7. = RlA‘Rl—)OO . RlAO‘Rl—)OO ( e Rl—)OO (1+(01) (1+a)2
;= —
A Ag (1+af) (1+5) (1+S)
z ®1/IR; >0 @2 JIR; >0

A huge simplification emerges: any factor in A that does not contain Ry
is unaffected by the limit and therefore cancels.
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NN—1 - — A=Ay
ko R, (1+5)(1+ )
0.1uF 100k A= Ri _ 1
C2 e § 0 Rl +RL Cl (Rz +R1HRL)
Z; Ry < 0.002uF
1k . = 1 o = 1
-~ 5 =
g : — T GR C2(R1|Rz|Ry)

The limit can be taken factor by factor:
1+ 5 s s
B RlA‘Rl—)oo B RlAO‘Rl—mo (/A;—)oo (1 + (01) (1 + a)z)

Z; = =
A Ag 1 (1+ ) (1+5)
Rl—)OO )

s
M
A huge simplification emerges: any factor in A that does not contain Ry

Rl —>»00

is unaffected by the limit and therefore cancels.
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NN—1 I — A=Ay ==
S S
vk o L R (1+a) 1+ )
0.1uF 100k Ag=— KL _ 1
C2 e § Rl +RL Cl (Rz +R1HRL)
Z; R, % 0.002 F
1k 1 1
Dy = ——— WH =
g : — T GR C2(R1|Rz|Ry)
The limit can be taken factor by factor:
s S
Rl . Ry, (1+5)  (1+2)
;= =
A Ag (1 + S) (1 + 5)
®1/IR; >0 2/IRy >
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ANW—1 t —o A=Ay G
S S
47k 0 Rp (1+a’1)(1+wz)
0.1uF 100k Ag=— KL _ 1
C2 e § R1+RL Cl (R2+R1HRL)
Z; Ry < 0.002uF
1k 0, = 1 0, = 1
g : — C1Ry C2(R1|Rz|Ry)
The limit can be taken factor by factor:
s s
Rl . Ry, (1+5)  (1+2)
;= -
A Ag (1 t S) (1 t 5)
1/ IRy >0 P2 )Ry >0

You can take advantage of this knowledge in advance, by highlighting R4

in the parameter definitions and omitting these factors when substituting

into the formula.
v.0.1 3/07
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Rewrite the definitions highlighting R :
v1 R vy = Avq 1+-5-
—AA— : — A=Ay r -
S S
7K Ry (1+)(+)
0.1uF 100k
H c

Aqg = =
T § " Ry+R, ' Ca(Ry+ Ry[Rp)
Z; R, % 0.002 F

1k

a)z ‘Rl —00 =

v.0.1 3/07 2 (Rl H Ry H RhlttZ‘R/ywﬁpRDMlddlgbggk (‘:‘olrzn )
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Exercise 7.1
Find the outer output impedance Z,

11 Ry Uy = Atq 1+ wi
M 1 T T © A=A s £ s
7k oo R, (15 )(1+,)
0.1uF 100k A= Ri _ 1
C2 e § <+ 0 R1+RL Cl (R2+R1HRL)
R, 0.002uF Z,
1k 1 1
Wy = ——— D =
P l L o C1R; Ca(Rq|Ry|Ry)
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Exercise 7.1 - Solution

Rewrite the definitions highlighting Ry :

1 Ry vy = Avq 1+ 5
A'A'AY t ' —o A=A ; 2 ;
Yk o, = Ry (14 )(1+)
0.1uF 100k R; 1
Ay = =
R O(i)zz T § <Z- SRRy Cr(Ry + R Ry )
2 0024 0
1k % 0, =— _ 1
) =
o l ( & C1R; Ca(Rq|Ry|Ry)
)
(1+ ‘ S 1+ ‘ S
7 A _R “1lrp >0 )\ 2IRp -0
0 — o0 \ (
1‘{‘ 1+ 5 )(1+ 2
L RL —0 wl} \ @2
where A . RLR
0 1T R[ _
ROO ~ A 1 Ry ‘ Rl HRL
Rilg, 50 RrRi+Rilg 5
‘ = 1 = a)z a)z‘ = o0
vo.Rper  C1R, http://www.RDMiddlebrook.com R; —0 28
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Exercise 7.2 )
Find the inner output impedance Z,,

v Ry vy = Avy (1 + af)
AM—1 ' — Z, =Ry, z
47k N s s
G Ry (1+a>1)(1+wz)
0.1uF 100k 1
R.n=Rq|R
C2 —— * § 00 1” L “1 Cl (R2 +R1HRL)
R, 0.002uF| Z,
1k o =1 _ 1
*" CR 2=
P l l o 1R Ca(Rq|Ry|Ry)
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Exercise 7.2 - Solution

v Ry vy = Avg (1 + af)
MAN ' ' —< Z, =R, 2
47k i s s
Cl Rp (1+a>1)(1+0)2)
0.1uF 100k 1
R = Rl RL w =
C2 et - * § 00 H Cl (R2 + Rl H RL)
R, 0.002uF| Z,
1 1
: “zT iR 2=
<, S é © 172

z,

*
= ZO‘RL_)OO =Ry
[1+ S ](1+ S ]
where P1IRp - D2IRp -

Ryp = Roo\RL_mo =Ry |Rp ‘RL—>oo =Rq

1 1
a’l‘Rwofcl(RzmlHRL "G (R Ry) <

)‘RL —00
1 1

0)2‘ = = <
vo18e7*  C, (Rl IR, | Rﬂp).f%;al\eﬂﬁf_?rédﬂfﬁﬂz) 30




Bottom Line

The Input/Output Impedance Theorem allows you to
find the input and output impedances of a circuit by

taking simple limits upon the already known gain.
This saves almost two-thirds of the work required to

obtain the three results separately.

Taking one limit upon the gain gives the outer impedances;
Taking two limits upon the gain gives the inner impedances.

A huge simplification occurs by anticipating that factors in

the gain that do not contain the source or load impedance,
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