6. PRODUCTS AND SUMS OF FACTORED POLE-ZERO
EXPRESSIONS

Doing the Algebra on the Graph
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Functions expressed in factored pole-zero form often need

to be combined, either by multiplication or addition.

Multiplication is straightforward:

° | Aq | | Ay o A=A14y
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The prosjuct contains the polgs and geres o4 both functions. 2
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Addition is more complicated:

|A2|
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Addition is more complicated:

|A2|

o C)—o A=A1+ A,

S S S S S
Alref(1+ 011 )(1+ 012 )...(1+ op21 )(1+ op22 j +A2,ef(1+ 0201 )(1+ 029 )...(1+ op11 )(1+ op2 )

A=

( S )(1+ S )...(1+ S )(1+ s j
®p11 ®p22 @p21 ®p22

The sum contains the poles of both functions, but the
numerator consists of the sums of cross-products of poles
and zeros, and is a new polynomial that has to be

renormalized and refactored.
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This can be very tedious, and requires approximations

if the numerator is higher than a quadratic in s.

"Doing the algebra on the graph" makes suitable

approximations obvious.
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A guess is that the sum follows the larger:

A =1
odb _—01I
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A guess is that the sum follows the larger:

A =1
odb _—01I
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A guess is that the sum follows the larger:

This is confirmed algebraically:

A=A +Ay=1+%0
S
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If the sum follows the larger, the result is:

0db —
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If the sum follows the larger, the result is:

0db

However, the algebra shows that this is an approximation:

1 1+A20+a§1

A=1+ A20 1 p = 1 p
+ + ——
| |
1+ S
_ (1+Azg)an
= (1 + Azo) 5
|
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This is the exact answer.
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This is the exact answer.

It's your decision as to whether the approximate answer

is good enough.
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Exercise 6.1
Guess an exact sum

Guess the exact sum A = A;+A, on the graph, then find it

algebraically.
Ay =1
0db
@o
Ay
Wy
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Exercise 6.1 - Solution

Guess the exact sum A = A;+A, on the graph, then find it

algebraically.
Ay =1
0db ——
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Exercise 6.1 - Solution

0db
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Guidelines:

In ranges where both functions have the same slope, the
combination has the same slope and is the sum of the

separate values.

The poles of the sum are the poles of the two functions.

The "gain-bandwidth tradeoff" relates the corner

frequencies to the flat values.
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Exercise 6.2
Find an exact sum graphically

Use the Guidelines to construct the exact sum of the two functions,

without doing any algebra:

A =1
odb !
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Exercise 6.2 - Solution

Agg = @, [ an
A =1
0db —
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Exercise 6.2 - Solution
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Exercise 6.2 - Solution

Agg = @, [ an
A1 =1 o1
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Exercise 6.2 - Solution
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Difference of two functions:

v.0.2 10/07 http://www.RDMiddlebrook.com
6. Products & Sums

29



Difference of two functions:

Ao oy
A Aq
20 P (P s 1
Az 1= 410
0° +a)1
—45° /dec
—9(° \
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Difference of two functions:

01
A1
Ag = A10 — AN
A
20 Al = A10
0 1+ S
0 o
—45°/dec
—-90°
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Difference of two functions:

]
Aqg
A9 — A
Ap = A19 — A @y = (14 0 oy
20
A A
20 Wy = 10 an 1
A~ A1 =Agp
0° 1+ a
—45° /dec
—-90°
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Difference of two functions:

OO

—45° /dec

—-90°
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Difference of two functions:

The result is

The corner @, is a right half plane (rhp) zero:
it has a concave upward magnitude response,

but a phase lag, not a phase lead.
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Difference of two functions:

OO

—45° /dec

—-90°
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Difference of two functions:

A rhp zero occurs when a signal can go from input to
output by two paths, one inverting and one not, with
one path dominating at low frequencies, and the other

dominating at high frequencies.

Every common-emitter or common-source amplifier

stage potentially exhibits a rhp zero.
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Consider sums of functions that result in quadratics in s

%o
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Consider sums of functions that result in quadratics in s

The numerator is a quadratic pair of zeros with infinite Q
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Consider sums of functions that result in quadratics in s

In any realistic case, there will be at least one additional

corner:
RO
S o, Q @
@, S S
o, R
Q -
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Consider sums of functions that result in quadratics in s

In any realistic case, there will be at least one additional

corner:
S @9
Z1 =Ry — =R, —
@, s
2
1+ 1(5) + (S)
|: Q\ o, @ w, 1 s
Z = RO = RO — 4+ — 4 —
S S Q @
@, 0
The second version exposes the symmetry.
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Consider sums of functions that result in quadratics in s

In any realistic case, there will be at least one additional

corner:

%o

Conclusion: The Q of a quadratic corner is affected by a
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Short cut to find the quadratic Q-factor:

Evaluate Z; and Z, separately at s = jw, :

S @, /
leRow—(l'*' OS Q) Z1(jw0)=Roj(1+j1Q]=Ro(1+j)
(0]

Q
: 1 :
ZZZRO% ZZ(]wo):Ro} :Ro( _])
When the two are added, the
imaginary parts cancel, and
the real part is the sum of the
. R,
separate real parts: Z(ja,) = 0
v.0.2 10/07 http://www.RDMiddlebrook.com

6. Products & Sums

42



In the above example, Z1 and Z, are the series and
parallel branches of the single-damped LC low-pass

filter, and Z is the input impedance Z; :

Zq Z,
V4 N 4 AN
R Msm - ® () EL R. = £
4 oo o, | e Tete
R, % QE&
o s | o R

RO
S @, / @
@y S S
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Doing the algebra on the graph can be extended to the
double- and triple-damped filters.
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Exercise 6.3
Find Z; for the double-damped LC filter. Draw the asymptotes for Z,

and Z,. Construct the asymptotes for the input impedance Z;=7+Z7,,
and find the Q; of the quadratic in s. Neglect second-order effects.

4 Z,
/7 N\ 7/ \
i A—— L
S = = —
7, Boog, s % =TI Ro=yc
» e @, Q
RO&T Q _Ro Q _Ro
S e — c —
o - o R, R,
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Exercise 6.3 - Solution
Find Z; for the double-damped LC filter. Draw the asymptotes for Z,

and Z,. Construct the asymptotes for the input impedance Z;=7+Z7,,
and find the Q; of the quadratic in s. Neglect second-order effects.

4 Z,
/7 N\ /7 \
i A—— " e= g Ry= -
R s Ry o= 1n ==
Z*l e Ko 0 Qc% LC ’ ¢
R, % Q, = Ro Q. = R,
® s | o ° R, “ R,
RO
@ s Q.0, Z2 =R, 0(1+ J
,Jz)o €0 S Q. m,
Q. o
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Exercise 6.3 - Solution
Find Z; for the double-damped LC filter. Draw the asymptotes for Z,

and Z,. Construct the asymptotes for the input impedance Z;=7+Z7,,
and find the Q; of the quadratic in s. Neglect second-order effects.

4 Z,
/7 N\ /7 \
R s R ° W, =2 R L
Ry s Ry 0= = ==
Z*l e Ko 0 Qc% LC ’ ¢
R, %0 Q _K Q _K
® s | o ° R, “ R,
@ s Q.0, Z2 =R, 0(1+ J
A?)o o S Qe
Q. o
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Exercise 6.3 - Solution
To find the quadratic Q-factor, evaluate Z; and Z, separately at s = jo, :

1 1
Z1(jo,)=R,7| 1+ - =R (+j
1] @ 0]( ]Qe] 0 J

Z>(jo,) =R, (—])(1+]Qij =R, [i—]J

Hence Z;(jo,) = Z1(jw,)+ Z5(jw,) = RO(QI +Q1 J
e C
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Exercise 6.3 - Solution
Find Z; for the double-damped LC filter. Draw the asymptotes for Z,

and Z,. Construct the asymptotes for the input impedance Z;=7+Z7,,
and find the Q; of the quadratic in s. Neglect second-order effects.

Z1 Z;
7 IWY\\ /‘ N o 1 L
R, s R, Dy = —F7— R.=|=
Z; Q. Ro - Q. JLC 0 C
> &, 0,-Fo g Ko
® s | o ° R, “ R,

Z, =R, s(1+
@o
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Exercise 6.4
Find Z; for the triple-damped LC filter. Draw the asymptotes for Z

and Z,. Construct the asymptotes for the input impedance Z;=72,+7Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

4 Z,
/7 \ 7/ \

R R ° D, = ! R L

S = = —

Z;, A R o Q—o o JLC 0 C

' e >
OR w‘c’ QLRO; Ro Ro RL
o~ = — = — = —
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Exercise 6.4 - Solution
Find Z; for the triple-damped LC filter. Draw the asymptotes for Z

and Z,. Construct the asymptotes for the input impedance Z;=72,+7Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

Z4 Z,
7 N/ N
R M;ﬂ R ° = —,1— R, = L
* OR a)_‘c) QLRO; Q RO Q RO Q RL
(0] - — = — =

R
Z;(0)=Z1(0)+ Z5(0) = @M RoQr ~ R,Qr

e

With neglect of the second-order effects, Z; follows the higher asymptote:
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Exercise 6.4 - Solution
Find Z; for the triple-damped LC filter. Draw the asymptotes for Z

and Z,. Construct the asymptotes for the input impedance Z;=72,+7Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

— Ro _ Ry
=20 Q=1L
c (0
S S
Z1=R, (1 + 2 1+ Q.o
) =R
= 0 s w, 1 Qr,
1+
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Exercise 6.4 - Solution
To find the quadratic Q-factor, evaluate Z; and Z, separately at s = jo, :

1 1
Z(a) )=R .1+. = [ +'j
1o o][ ]QeJ 0 Q. ]
1+ - j+1) 1+5 A4
Z5(jw,) = Ry (-7) _]QC =Ro( ?:_( QL)
Qr QLLZ
1 1 zé 1 1
~ R + — 1| 1- ~ R + _]J
O{Qc Qr ]( Q Lﬂ O(Qc Qr
1 1 1
Hence Z;(jo,) = Z1 (jo,) + Z, (jo,) =R, Qe+Qc+QL
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Exercise 6.4 - Solution
Find Z; for the triple-damped LC filter. Draw the asymptotes for Z

and Z,. Construct the asymptotes for the input impedance Z;=72,+7Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

Zq Zy
7/ N/ N
21 _Z R, w_ Q_O | 0 vLC 0 — C
=) OR wg QrR3 R, R, Ry
T Q=20 Q=20 Q=2
g © e c 0

Q Q Q U
S S
Zl - RO R P AP WAL U5 bbbl Z _ R a)o 1 + cho
@o 2 =Ry /
- 4 Q.w, S 14 %/QL
“o Ro / QL S
Q Lo
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Exercise 6.5
Construct A = A; + A, in both magnitude and phase asymptotes,

starting from A; and A, in suitable factored pole-zero forms.

0db
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Exercise 6.5 - Solution
Construct A = A; + A, in both magnitude and phase asymptotes,

starting from A; and A, in suitable factored pole-zero forms.

0db
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Exercise 6.5 - Solution

With neglect of second-order effects, the sum will follow the

higher function:

0db

The form is:
2
A= a)o(l_*_a)O/Q)l:l_*_l(sj_*_(sJ jl
S S Qt \ @ Do
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Exercise 6.5 - Solution
Find the quadratic Q-factor Q; :

A:s+&(1+M)

®, S s

1 1 1 1
A. :. — 1 — :.—‘1— .— —_—
(o) ’U[ +iQJ J ’( ]QJ Q

So Q; =—Q and the final form is

a- (e -g o 1o ]
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Exercise 6.5 - Solution

0db

25

The negative Q; means that the quadratic is two rhp zeros, so the
magnitude asymptotes have a concave upwards corner at @,, and the

phase is a 180° lag, not a lead.
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Exercise 6.5 - Solution

0db
Aq =
I
—-90° ~
+45°/dec
—180°

v.O.g_=1i%%=
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Exercise 6.5 - Solution

0db

-90°

+45°/dec

—180° 1

v.0.



Exercise 6.5 - Solution

v.0.

0db

-90°

+45°/dec
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Exercise 6.5 - Solution
By doing the algebra on the graph to set up

e e

you have effectively found the symbolic roots of a

cubic equation!

Algebraically,
A=s+“’0(1+w"/QJ

®, S
2

J(%) L@, S

Q\ s

which is a cubic in (s/®,).
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Extensions of the graphical method
1. In the sum of two functions, any one can be extracted

to reduce the sum to the form 1+ T:

Z=Zl +Zz =Zl(1+éj etc.
Zq
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Extensions of the graphical method
1. In the sum of two functions, any one can be extracted

to reduce the sum to the form 1+ T:

Z=Zl +Zz =Zl(1+éj etc.
Zq

2. The sum of any number of impedances in series can

be found graphically:
ZzZl +Zz+Z3 + ...

The result follows whichever contribution is the largest.
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Extensions of the graphical method
1. In the sum of two functions, any one can be extracted

to reduce the sum to the form 1+ T:

Z=Zl +Zz =Zl(1+éj etc.
Zq

2. The sum of any number of impedances in series can

be found graphically:
ZzZl +Zz+Z3 + ...

The result follows whichever contribution is the largest.

3. Similarly, the sum of any number of impedances in

parallel can be found graphically:

1 1 1 1
=t +..
Z Z, Z, Z,

The sesplt follows whicheyer contsihmtionis he smallest.
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For the triple-damped LC filter, draw the asymptotes for Z; and Z,.

Construct the asymptotes for the output impedance Z,=Z1|Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

Z Z,
7/ N/ \
A °
S
Zi -2 Roa)_ Q_O X ZO
= ° > Rz €
R,—2 Q
o > T © ¢
Zi = Zl + ZZ
1 1 1
= +
Zo Zl ZZ
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For the triple-damped LC filter, draw the asymptotes for Z; and Z,.

Construct the asymptotes for the output impedance Z,=Z1|Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

Zq Z
v - N /‘ N o
R R
Zi o R, o - Z,
* e 0 wc Qr Rog *
R _OT Qe
o S . ©
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For the triple-damped LC filter, draw the asymptotes for Z; and Z,.

Construct the asymptotes for the output impedance Z,=Z1|Z,,
and find the Q; of the quadratic in s. Neglect second-order effects.

Zq Z
v - N /‘ N o
R R
Zi o R, o - Z,
* e 0 wc Qr Rog *
R _OT Qe
o S . ©
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"Doing the algebra on the graph" applies to any transfer
functions, whether they be voltage gains, current gains,

impedances, or admittances.
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"Doing the algebra on the graph" applies to any transfer
functions, whether they be voltage gains, current gains,

impedances, or admittances.

In particular, the last example of impedances in parallel
also applies to reciprocal sums of voltage gains or current
gains, which will be valuable in the later applications of

the Dissection Theorem.

v.0.2 10/07 http://www.RDMiddlebrook.com 71
6. Products & Sums



