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Conventional Beamforming Algorithms

Introduction

@ In this lecture, we consider the conventional adaptive
beamforming algorithms.

@ These algorithms are based on the notion of minimizing
the output power of the array subject to a distortionless
constraint.

@ We will compare the performance of the adaptive
beamforming algorithms to the simple delay-and-sum
design.

@ We will also discuss how beamforming performance can
be improved through the addition of a postfilter.

Coverage: Woélfel and McDonough, Sections 13.2 and 13.3,
Appendix ,,ﬁu‘
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Beam Pattern of Delay-and-Sum Beamformer

@ Recall that in u-space, the beam pattern can be specified

as
wNd

_ 1 sin(*3Fu)
Bu(u)_NW, for -1 <u<1.

@ Nulls occur when the numerator of B,(u) is zero and the
denominator is non-zero.

@ Note that
sin Mu =0
)\ - )
xNd

Tu:mw, form=12,....

when
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Null-to-Null Beamwidth

@ The nulls occur when both

A
u:mN—d form=1,2,..,

u;«ém% form=12,....

@ Hence, the first null occurs at u = A\/Nd and the null-to-null
beamwidth BWyy is

A
Als = 2N7d

it
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Complex Gradients

@ Define the complex vector
z=Xx+Jy.

@ Also define the complex gradient operators

v._ e o ... o]
Z— | 9z 0zp 0zy ’
_ |0 9 ... _0
VaH = [821* 0z3 82,’(,}'
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Stationary Points of Functions of a Complex Vector

o Let
f(z) = f(x,y) = 9(z,2"),

where g(z,z*) is a real-valued function of z and z*, which
is analytic with respect to z and z* independently.

@ Then either

V.9(z,z") =0
where z" is treated as a constant, or

Vud(z,zH) =0

where z is treated as a constant, is a necessary and ™y
sufficient condition for a stationary point of f(z). ﬁa‘zﬁg
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Method of Undetermined Lagrange Multipliers
@ Consider the constrained optimization problem:
minimize w''Sw,
subject to wc = g.

@ To apply the method of undetermined Lagrange multipliers,
define
J(w,w") = w"Sw + 2Re [\ (w'c — g)]
=w"Sw + A (we — g) + 1" (clw —g).
@ Now take the derivative with respect to w" and equate to zero, to

obtain
Sw + \c =0,

or &Mﬁ
w=-)S""c. T

[ 44
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Undetermined Lagrange Multipliers (contd.)

@ Applying the constraint we find,
whe = —Xef's e =g,

or
__ -9
cHs 'c

@ Then, the final solution is

Ha-1

¢S

wH=9¢° —.
clS™'c
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Matrix Inversion Lemma

@ Consider the matrices A, B, C, and D where Ais N x N, B
isNxM,CisMx MandDis M x N.

@ The matrix inversion lemma states
—1
(A+BCD) '=A"'—A~'B (DA*1 B+ c*) DA,

@ An important special case is where B is an N x 1 column
vector x, C is a scalar ¢, and D = x":

A "xx"A!

(A+ cxx*’)f1 =A"— A TY

@ Woodbury's identity is obtained by setting ¢ = 1, such that

-1 A—1XXHA—1
HY AT ikl
(A+xx ) =A XA X &éﬁ.
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Matrix Inversion Lemma (cont'd.)
Several other useful relations follow from the matrix inversion
lemma:
1 1
(A—1 +BHC! B) — A— AB" (BABH + c) BA,
—1 —1
(A—1 +BHC! B) BHc—' — ABH (BABH + c) ,

c ' - (BABH n c)_1 —c'B (A—1 +BHC! B)_1 BHC .

i
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Perpendicular Projection

@ Consider an N-dimensional vector x.

@ Consider also an N x M matrix C whose linearly
independent columns define an M-dimensional subspace
of the complete N-dimensional space.

@ We wish to find the perpendicular projection of x onto the
C subspace.

@ The projection can be expressed as Cy where the
M-dimensional y minimizes

Ix — Cy|[? = (x — Cy)"(x — Cy)
_ XHX _ yHCHX _ XHCy + yHCHCy

i
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Perpendicular Projection Operator

@ Taking the gradient with respect to y" and equating to
zero, we find
—cfx+clecy=0

or
y = (c"c)~'cfx

@ The inverse must exist, because the columns of C are
linearly independent.

@ Hence, the desired projection is
xc = Cy = ¢c(c"c)~"cHx

@ The perpendicular projection operator is then

abda
P¢ = c(CHc)'cH beifc
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Array Gain
@ We will in all cases take word error rate (WER) as the most
important measure of system performance.

@ Itis useful, however, to have other performance measures
intended a single component.

@ Signal-to-noise ratio (SNR), a very common metric for
signal quality, is the ratio of signal power to noise power.

@ Array gainis a measure of how much improvement in SNR
is achieved by a sensor array.

@ Array gain is the ratio of SNR at the output of the array to
that at input of any given sensor.

[
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Snapshot Model

@ Let X(w) € CN denote a subband domain snapshot, a
vector of N complex subband samples, one per
microphone, obtained from

X(w) = F(w) + N(w), (1)

where F(w) and N(w) denote the subband-domain
snapshot of the desired signal and noise or interference.

@ We will assume that F(w) and N(w) are uncorrelated and
that the signal vector F(w) can be expressed as

F(w) = F(w) vk(k), (@)

where vi(K) is the array manifold vector. #Mﬁ‘
[ W{AS
1 |
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Second Order Statistics

@ We now introduce the notation necessary for specifying the
second order statistics of random variables and vectors.

@ In general, for some complex scalar random variable Y (w),
we will define
Ty(w) £ E{|Y(w)}.

Similarly, for a complex random vector X(w), let us define
the spatial spectral matrix as

Tx(w) 2 E{X(w)X(w)}.

i
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Signal and Noise Components

@ Assume that the component of the desired signal reaching each
microphone is F(w) and the component of the noise or
interference reaching each sensor is N(w).

@ This implies that the SNR at the input of the array is

Zp(w)
Yn(w)

@ In the frequency domain, the output of the beamformer is

= [ ymed - Ww)Xe), (4)

SNRin(w) 2

@ Defining w"(w) = H' (w) enables (4) to be rewritten as
Y(w) = w(w)X(w) = Ye(w) + Yn(w), (5)
where Yr(w) = wH(w) F(w) and Yy(w) = w"(w) N(w) are the ,;.Iﬁ

signal and noise components in the beamformer output.
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Beamformer Output

@ When the delay-and-sum beamformer (DSB) is steered to
wavenumber k = k1, the sensor weights become
1
H

H
= — kt).
w va(T)

(6)

@ The variance of the output of the beamformer can be calculated

according to
Tyv(w) = E{IY(@)P} = Ty (w) + Zy, (),
where
Tye(w) = W(w) Ze(w) w(w),
is the signal component of the beamformer output, and
Zyy(w) = w(w) En(w) w(w),
is the noise component.

@ Equation (9) follows directly from the assumption that F(w)
and N(w) are uncorrelated.
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Signal Component in Beamformer Output

@ Expressing the snapshot of the desired signal once more
as in (2), we find that the spatial spectral matrix F(w) of the
desired signal can be written as

TE(w) = Zr(w) vk (ks) vi (ks), (10)

where L g(w) = {|F(w)|?}.
@ Substituting (10) into (8), we can calculate the output
signal spectrum as

Ty, (w) = W (w) vi(ks) Zr(w) vig (Ks) W(w) = ZF(w),

where the final equality follows from the definition (6)
of the DSB. *Mﬁ_
WIS
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Array Gain of Delay-and-Sum Beamformer

@ Substituting (6) into (9) the noise at the DSB output is

1
Tyy(w) = WVH(ks)pN(w)V(ks)zN(w)v (11)

where the normalized spatial spectral matrix py(w) is
In(w) £ Tn(w) pn(w). (12)

@ Hence, the SNR at the output of the beamformer is given by

s Tve(w) _ Lr(w)
Ty (w)  wH(w)En(w)W(w)

SN Rout(w)

@ Then based on (3) and (13), the array gain of the DSB is

CYy(w) [/ TRw) % _
As(w,ke) = 5 0) / Fae) Vi mevi) i
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Distortionless Constraint

Many adaptive beamforming algorithms impose a distortionless
constraint.

For a plane wave arriving along the main response axis ks
Y(w) = F(w), (15)

where Y(w) is the beamformer output, and F(w) is the source
signal.

It follows that
Y(w) = Fw)w"(w) v(ks) = F(w).
Hence, the distortionless constraint can be expressed as
w(w)v(ks) = 1. (16)

Clearly setting w/(w) = f;v(ks), as is the case for the DSB,

will satisfy (16). gl!ﬁ_
< \ LN
]\

Thus, the DSB satisfies the distortionless constraint.
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Snapshot Model
@ The noise snapshot model has spatial spectral matrix
In(w) = E{N(w)N"(w)} = Zc(w) + o2,
where X, and o2| are the spatially correlated and uncorrelated
portions, respectively, of the noise covariance matrix.

@ Spatially correlated interference is due to the propagation of
some interfering signal through space.

@ Uncorrelated noise is due to the self-noise of the sensors.
@ The beamformer output will be specified as
Y(w) = w(w) X(w) = Ye(w) + Yn().
@ When noise is present, we can write
Y(w) = F(w) + Yn(w),

where Yy(w) = wH(w)N(w) is the remaining noise &"ilﬁg
component. Ly
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Optimization Criterion

@ In addition to satisfying the distortionless constraint, we
wish also to minimize this output variance, and thereby
minimize the influence of the noise.

@ To solve the constrained optimization problem, we can
apply the method of Lagrange multipliers.

@ To wit, we first define the “symmetric” objective function

F £ wH(w) Zn(w) w(w) AW (w)v(ks)—1]+2"[v(ks) 'w—1],

(17)
where ) is a complex Lagrange multiplier, to incorporate
the constraint into the objective function.

@ Taking the complex gradient with respect to w", equating
this gradient to zero, and solving yields

W) = —AV(ke) T (o). e
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Minimum Variance Distortionless Response Beamformer
@ Applying now the distortionless constraint (16), we find
—1
A= vH(ks)Zﬁ1(w)v(ks)] .
@ Thus, the optimal sensor weights are given by
Wi (w) = Aw) v (ks) Zy" (@) = Whiar(w),  (18)

where
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MVDR Schematic

X(w) — Aw)vi{w:k)Zdw) = V(o)

@ The figure is a schematic of the MVDR beamformer.

@ The quantity A(w) is equivalent to the spectral power of the
noise component present in Y(w), as can be seen from

Tyy(w) = Wr';lvdr(w) IN(w) Winvar(w) (20)
=V (ks) Iy () En(w) By () V(Ks) - A2 (w)
= A(w). (21)

i
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Advantages of Subband Processing

The foregoing implies that the sensor weights for each
subband are designed independently.

In particular, the transformation into the subband domain
has the effect of a divide and conquer optimization
scheme.

A single optimization problem over MN free parameters,
where M is the number of subbands and N is the number
of sensors, is converted into M optimization problems,
each with N free parameters.

Each of the M optimization problems is solved
independently, which is a direct result of the statistical
independence of the subband samples.

A synthesis filter transforms the beamformed subband {4, .
samples back into the time domain. ﬁérﬁ*
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Array Gain of MVDR Beamformer

@ Asw!

mvar(w) satisfies the distortionless constraint, we can write

):Y/:(w) = ZF(‘*})a

where X g(w) is the power spectrum of the desired signal F(w) at
the input of each sensor.

@ Hence, based on (21), the output SNR can be written as
Lr(w)/Tyy(w) = Zr(w)/A(w).

@ If we assume the noise spectrum at the input of each sensor is
the same, then the input SNR is Xr(w)/Zn(w).

@ The array gain can then be expressed as

o ZF(M) ZF(w) - ZN(w)
ook = 55 BN @

= Yn(w) vP(ks) Z§1 (w) v(ks). &é‘zﬁ;
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Spatially Correlated and Uncorrelated Noise

@ Hence, the array gain can be expressed as

Anmvar(w, ks) = V7 (Ks) py () v(ks). (23)

@ If the noises at all sensors are spatially uncorrelated, then
pn(w) is the identity matrix and the MVDR beamformer
reduces to the DSB.

@ In this case, the array again is
Amvar(w, Ks) = Agsp(w, ks) = N. (24)
In all other cases,

AdeI’(w7 kS) > AdSb(w7 ks) ,&ﬂ!ﬁ‘
d i’ I:
g\
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MVDR Beamformer with Plane Wave Interference

@ Consider a desired signal with array manifold vector v(ks) and a
single plane-wave interfering signal with manifold vector v(ky).

@ In addition, there is uncorrelated sensor noise with power o2.
@ In this case, the spatial spectral matrix Xy(w) is
Tn(w) = o2 1+ My(w) v(kq) vF(ky), (25)
where M;(w) is the spectrum of the interfering signal.
@ Applying the matrix inversion lemma to (25) provides
1 M,

0=l

—VVH:| 26
O'\%, J\%,+NM1 BN (26)

where w and k have been suppressed, and vy = v(k;).
@ The noise spectrum at each element of the array is then

) l ‘\
2N = Jvzv + M. (2%@5
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MVDR with Plane Wave Interference (cont'd.)

@ Substituting (26) into (18), we find

H A H

1
Wog=—5Ve |l —-—5———
mar = o2 { o2+ N

\Z vf’} ) (28)

@ The spatial correlation coefficient is by definition

viv
pst = ST17= Baso (k1 : ks),

where Bysp (K1 : Ks) is the DSB pattern aimed at ks and
evaluated at kj.

@ With this definition (28) can be rewritten as

A NM

H H 1 H

Winvar = 72 \Vs' = P12~y V1}
w w

"
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MVDR with Plane Wave Interference (cont'd.)

@ The normalizing coefficient (19) then reduces to

1 NM; 2} }1
A= —-N[1— ——— . 30

@ The upper and lower branches of this MVDR beamformer are
conventional beamformers pointing at the desired signal and the
interference.

@ The necessity of the bottom branch is apparent from:

o The path labeled Ny(w) is the minimum mean-square
estimate of the interference plus noise.

e This noise estimate is scaled by psy and subtracted from
the output of the DSB in the upper path, in order to remove
that portion of the noise and interference captured by

the upper path. ﬁzﬁ
J |

[ 44
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Schematic: MVDR Beamformer with
Plane Wave Interference

General Case

X(w) ‘|::

NM,

Ni(®)

Lol
N 62+NM,

A = Y(w)

High Interference-to-Noise Ratio

X() —*

P;

A
> 5 v(ks)

w

™ Y()

Figure: Optimum MVDR beamformer in the presence of a single j&n‘ ‘
izﬁ(* S
1 |

interferer.
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MVDR with Plane Wave Interference (cont'd.)

@ Observe that in the case where NM; > o2, we may
rewrite (29) as

A
H Hpl
Whvdr = UTVS Pr,
w
where P;- = 1 — vyv! is the projection matrix onto the

space orthogonal to the interference.

@ This case is shown schematically in Figure 1, which
indicates that the beamformer is placing a perfect null on
the interference.
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Limiting Case: Plane Wave Interference

@ Substituting (27) and (30) into (22), the array gain of the MVDR
beamformer in the presence of plane wave interference is
1+ Nof(1 — |psi Iz)}
1+ N0|2 ’

where the interference-to-noise ratio (INR)

is the ratio of spatially correlated to uncorrelated noise.

@ Beam patterns corresponding to several values of o2 and uj, the
direction cosine of the interference, are shown in Figure 2.

@ Observe that the suppression of the interference is not perfect
when either a,2 is verly low, or u is very small such that the
interference moves within the main lobe region of the &Mﬁ
at [ h
delay-and-sum beam pattern. '
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MVDR Beam Patterns

67=-10dB, u=0.18 67=-10dB, u=0.09
1 10
) )
E 0 = 0
<0 £-10
(=% [="
g -20 g 20
m m 30
S04 0.5 0.5 1 N 0.5 1
u-| Space u-| Spa
67=20dB, u=0.18 67=20dB, u=0.09

—_
(=]
(=]

o o
? 0 % 0
L Q
= -10 Z-10
a 2,
g 20 £ 20
Q 3
as] os] 20

230 -

-1 -0.5 0.5 1 -1 -0.5 0 0.5 1
u-| Space u-Space

Figure: MVDR beam patterns for plane wave interfere

nce.
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Performance Curves
@ Substituting (25) and (27) into (14), the array gain of the DSB is

N?(02 + My) N1 +0d)
VE (o2l + Myvivh)vs 14 02N|ps1 |2

Adsb (W» ks) =

@ From Figure 3 several facts are evident:

@ When 1 — |ps1|? approaches zero, the array gains of both
the DSB and MVDR beamformers drop to zero.

@ For moderate to high values of o2 and 1 — |ps1[2 > 0.2, the
MVDR beamformer has a higher array gain than the DSB.

© The array gain of the MVDR beamformer increases with 0,2.

@ For very low values of o2, the array gain provided by both
beamformers approaches 10 dB regardless of 1 — |ps1]2.
This is to be expected given that the MVDR becomes a
DSB for py(w) = 1.

@ That the array gain for both beamformers should be #Mﬁ\
10 dB is evident from (24). T
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Array Gains of MVDR and DSB

Delay-and-Sum Beamformer MVDR Beamformer
35
30
20 dB
= 25
=
£ 20 10dB
53
gl 0dB 0dB
Z 02048
-10dB
3 20 dB -20dB -10dB
0 10 dB
0 0.2 0.4 0.6 0.8 10 0.2 0.4 0.6 0.8 1
2 2
1-pi] 1-|pal

Figure: Array gains for conventional and MVDR beamformers as a

function of (1 — |ps1|?) for a 10-element array. The curves are labeled

with the corresponding value of o2. g
ﬁiﬂﬁ‘:
VR
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Postfilters

@ As we will see in this section, the performance of the
MVDR beamformer can be enhanced by applying a
frequency dependent weighting to the output of the
beamformer.

@ This has the effect of introducing a final filtering operation,
or a postfilter, on the beamformer output.

@ Let us again consider the same single plane-wave model
as in (2) and (1), and once more assume F(w) and N(w)
are uncorrelated.

@ The spatial spectral matrix of X(w) can be expressed as
Tx(w) = Zr(w) v(ks) v (ks) + Zn(w).

@ Let D(w) denote the snapshot of the desired signal, "ﬁ”ﬁ“
which is equivalent to the source snapshot F(w). 4y
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Mean-Square Error
@ We now define the matrix processor
D(w) = wh(w) X(w).
@ The mean-square error (MSE) is defined as
C(w(w)) £ E{|D(w) - wH(w) X(@)["}
= E{(D() - WH(w) X(@))(D" (@) — X" (@) w(w))}

@ In order to minimize the MSE, we take the complex gradient of ¢
with respect to w(w) and equate the result to zero, to find

£ {D(w) XH(w)} —wH(W)E {X(w)XH(w)} —0,

so that »'l; N
Toxi(w) = wH () Zx(w). §=Iﬁs

mmse
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MMSE Solution
@ Hence, the MMSE solution is
Wr":mse(w) = zDX"/(W) 2;1(‘*})- (31)

@ From the signal model, and the assumption that noise and
signal are uncorrelated we find

¥ pxr(w) = E{D(w)D* (w)v" (ks)+D(w) N(w)} = Zr(w) v (ks).
@ This implies that (31) can be specialized according to
Whimse(w) = Zr(w) v (ks) Zx ' (w).

@ The spatial spectral matrix of the subband snapshot X can
be expressed as

Ix(w) = Zr(w) v(ks) v (Ks) + Zn(w). &ézﬁ'
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Applying the Matrix Inversion Lemma

@ By applying the matrix inversion with
A=Ey(w), B=v(ks), C=Tr(w), D=vH(ks),
whereupon we find,
T =y - reEy v (1+ T E ) eyt @2)
@ Defining A(w) as in (19) and substituting into (32), we learn

H Tr(w)

= ——1——  Nw H v w).
Wmmse(w) - ZF(CL))—FA(Q)) A( )V (kS) zN ( ) (33)

i
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Relation between MVDR and MMSE Processors

@ Frome (18) and (33), the MMSE beamformer is clearly a
MVDR beamformer followed by a frequency-dependent
scalar multiplicative factor.

@ The multiplicative factor is equivalent to a Wiener postfilter.

@ Recall now that X g(w) is the power spectral density of the
signal at the input of the beamformer, which, due to the
distortionless constraint (16), is also the power spectral
density of the signal at the output of the MVDR
beamformer.

@ The MMSE beamformer is shown in the figure.

X(w) —*

A@)WVH{w:k) (@)

Y(w)

Xr(®)

2 (@)TA(W)

™ Flw)

«

J

“

Y
MVDR Beamformer

Y
Wiener Filter

’ e
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Designing Practical MMSE Processors

@ While (33) is optimal in the mean square sense, it is not
sufficient to design a MMSE beamformer.

@ This follows from the fact that the spectra of both the
desired signal D(w) and disturbance A(w) at the output of
the beamformer must be known.

@ In practice they can only be estimated, and forming this
estimate is the art in Wiener postfilter design.

@ One of the earliest and best-known proposals for
estimating these quantities was by Zelinski (1988).
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Summary

@ In this lecture, we considered the conventional adaptive
beamforming algorithms.

@ These algorithms are based on the notion of minimizing
the output power of the array subject to a distortionless
constraint.

@ We have compared the performance of the conventional
adaptive algorithms to the simple delay-and-sum design.

@ We also discussed how beamforming performance could
be improved through the addition of a postfilter at the
output of the beamformer.

i



