
Performance Analysis of Incremental Relaying 
Cooperative Diversity Networks over Rayleigh 

Fading Channels 
 

Salama Ikki, Mohamed H. Ahmed  
Faculty of Engineering and Applied Science  

Memorial University of Newfoundland  
St. John’s, Newfoundland, Canada 

ikki@engr.mun.ca, mhahmed@engr.mun.ca
 
 

Abstract— Cooperative diversity networks have recently been proposed 
as a way to form virtual antenna arrays without using collocated multiple 
antennas. Cooperative diversity networks use the neighbor nodes to assist 
the source by sending the source information to the destination for 
achieving spatial diversity. Regular cooperative diversity networks make 
an inefficient use of the channel resources because relays forward the 
source signal to the destination every time regardless of the channel 
conditions. Incremental relaying cooperative diversity has been proposed 
to save the channel resources by restricting the relaying process to the 
bad channel conditions only [1]. Incremental relaying cooperative 
relaying networks exploit limited feedback from the destination terminal, 
e.g., a single bit indicating the success or failure of the direct 
transmission. If the destination provides a negative acknowledgment via 
feedback; in this case only, the relay retransmits in an attempt to exploit 
spatial diversity by combining the signals that the destination receives 
from the source and the relay. In this paper, we study the end-to-end 
performance of incremental relaying cooperative diversity networks 
using amplify-and-forward relays over independent non-identical 
Rayleigh fading channels. Closed-form expressions for the bit error rate 
and the signal-to-noise ratio (SNR) outage probability are determined. 
Results show that the incremental relaying cooperative diversity can 
achieve the maximum possible diversity, compared with the regular 
cooperative diversity networks, with higher channel utilization. 

 

Keywords-Cooperative diversity networks, amplify-and-forward, 
Rayleigh fading channel, single relay networks, incremental relaying. 

I.  INTRODUCTION 
Cooperative diversity networks technology is a promising 

solution for the high data-rate coverage required in future 
wireless communications systems. There are two main 
advantages of this technology; the low transmit RF power 
requirements, and the spatial diversity gain [1]-[6]. The basic 
idea is that in addition to the direct transmission from the 
transmitter to the receiver, there can be other nodes, which can 
be used to enhance the diversity by relaying the source signal 
to the destination.  

Performance analysis of cooperating diversity networks has 
yielded many interesting results including signal-to-noise ratio 
(SNR) outage, information theoretic metrics, and average error 
probability expressions over Rayleigh-fading channels [7], [8]. 
More specifically, the authors in [1] have proposed a variety of 
low-complexity cooperative protocols using a single relay 
network. These protocols have been applied on different 

relaying modes as amplify-and-forward (i.e., non-regenerative 
relays) and decode-and-forward (i.e., regenerative relays). Also 
the capacity outage, using high-SNR approximations, has been 
analyzed. Furthermore, the authors in [11] have presented an 
overview of cooperative diversity networks and compared their 
performance with that of direct transmission and relaying 
networks (without diversity). 

Although regular cooperative diversity networks can 
achieve spatial diversity gain, it wastes the channel resource 
because the relay forwards the signal every time regardless of 
the channel conditions. Since the relay and the source need to 
use orthogonal channels, additional resources will be used for 
relaying even if the relaying is not needed because the direct 
signal is good enough. 

Incremental relaying cooperative diversity networks try to 
save the channel resources by restricting the relaying process to 
the necessary conditions [1]. This can be implementing by 
exploiting a limited feedback from the destination terminal, 
(e.g., a single bit indicating the success or failure of the direct 
transmission). If the source-destination SNR is sufficiently 
high, the feedback indicates success of the direct transmission, 
and the relay does nothing. If the source-destination SNR is not 
sufficiently high for successful direct transmission, the 
feedback requests that the relay amplify-and-forward what it 
received from the source. In the latter case, the destination 
combines the two signals using Maximum Ratio Combining 
(MRC) technique or any other combining technique [1].  

Such a protocol makes more efficient use of the channel 
resources, because the relay will forward the signal only when 
it is necessary. To the best of the authors’ knowledge, the error 
and SNR outage performance of this scheme has not been 
addressed in the literature yet. 

In this paper, we present a completely analytical approach 
in obtaining closed-form expressions for the error rate and SNR 
outage probability of the incremental relaying cooperative 
diversity networks equipped with amplify-and-forward relays 
over independent non-identical Rayleigh fading channels. The 
remainder of this paper is organized as follows. Section II 
discusses the system model. Performance analysis is given in 
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section III. Section IV includes the performance results. 
Finally, the conclusions are given in Section V. 

II. THE SYSTEM AND CHANNEL MODEL 
In Fig. 1, the information source (S) and the destination (D) 

communicate over a channel with a slow and frequency-flat 
Rayleigh fading coefficient f. A relay terminal participates by 
providing the destination with a second copy of the original 
signal (when it is necessary) through a two hop-link with 
Rayleigh fading coefficients h and g. We assume that all the 
additive white Gaussian noise (AWGN) terms in the three links 
(S-D, S-R and R-D) have equal variance N0 and all the channels 
coefficients (f, h, g) are independent of each other. All 
terminals are equipped with a single antenna. 

 
Communication takes place in two phases due to the 

inability of the relay to transmit and receive simultaneously at 
the same frequency. In the first phase, the source sends its 
signal. Both the relay and the destination receive faded noisy 
versions of this signal. Based on the quality of the received 
signal at the destination, the destination decides whether the 
relay should send another copy of the source signal or not. For 
sufficient signal quality, the relay will not send another copy of 
the source signal and the source will send a new message in the 
second phase. For insufficient signal quality at the destination, 
the relay in the second phase will forward the received signal to 
the destination. 

Mathematically speaking, the received signal from the 
source at the destination ( ))(ty DS→

 and at the relay ( ) )(ty RS→
 

can be written as 

 
)()()(

)()()(

2

1

tntxEhty

tntxEfty

sRS

sDS

+=

+=

→

→ . (1) 

where Es is the average energy of source symbol transmitted 
signal, x(t) is a transmitted symbol signal with unit energy and 
n1(t) and n2(t) are the AWGN terms. In the second phase, if it is 
necessary, the relay amplifies the received signal ),(ty RS→  
generates a signal )(txr  and transmits it to the destination. The 
received signal at the destination from the relay is given by 

 )()()( 3 tntxEgty rsDR +=→ . (2) 

where n3(t) is the AWGN term of the R-D link. In the amplify-
and-forward scheme, the relayed signal (xr(t)) is an amplified 
version of ( ) )(ty RS→

and can be written as 

 )( )( tytx RSr →= β . (3) 

where β is the amplification gain given by 

 
( ) 2/12

0

1
hEN s+

=β . (4) 

In (4), we allow the amplifier gain to depend upon the fading 
coefficient h, which the relay can estimate with high accuracy. 
The choice of this gain aims to invert the fading effect of the 
first hop to limit the output energy from the relay to be Es. 

For the rest of this paper, we will focus on the case that the 
forwarding decision at the destination is made on the basis of 
the SNR forwarding threshold (γ0), which defines the minimum 
SNR for which the destination can detect the signal 
successfully without the need of the relayed signal. 

While a large value of γ0 lowers the probability of error, it 
reduces the bandwidth efficiency because the relay will 
forward the signal more often but this, of course, will increase 
the diversity benefit. Note that for direct transmission only, γ0 is 
equal to 0 and for regular cooperative diversity networks in 
which the relay always amplifies-and-forwards the source 
signal to destination, γ0 is equal to ∞. 

To capture the effect of the path-loss on the error 
performance we use the following model, which is widely 
accepted in the literature: ( )  ,,

2 α−∝Ε RSdh ( )   ,
2 α−∝Ε DRdg  and 

( ) α−∝Ε DSdf ,
2  where di,j is the distance between terminal i and j, 

α is the power exponent path, and Ε  is the statistical average 
operator. 

III. SYSTEM PERFORMANCE 

A)    Error Performance Analysis 
The average error probability of the combined signal using 

the incremental relaying technique can be written as 

 ( ) )()(1)()()( 00 ePPePPeP directfdivf ×≤−+×≤= γγγγ (5) 

where 
0

2 / NfEsf =γ is the instantaneous SNR of )(ty DS→
, 

Pdiv(e) is the average probability that an error occurs in the 
combined diversity transmission from S and R to the D. The 
fading parameter f follows the Rayleigh distribution; therefore, 

fγ  follows the exponential distribution. Hence, it is 
straightforward to show that  

 )/exp(1)( 00 ffP γγγγ −−=≤ . (6) 

Fig.1. Illustration of a wireless cooperative diversity network.  
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where ( ) 0
2 / NEf sf Ε=γ  is the average SNR of ).(ty DS→

 Pdirect(e) 
is the probability of error at the destination given that the 
destination decides that the relay should not forward the signal. 
In this case the destination needs to rely only on the direct 
signal from the source. If the conditional error probability takes 
the form ( ), fberfca γ×  where  ∫

∞
−=

x
dxxxerfc ,)exp()/2()( 2π  

and (a, b) are constants depending on the type of modulation, 
then the corresponding error probability can be written as 

 ∫
∞

≥=
0

0 )()/()( γγγγγ γ dfePeP fdirectdirect f

 (7) 

where ( )0γγγγ ≥ff
f  can be easily found to be as 

 ( )




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
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/
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Substituting (8) into (7) and solving the integration, the 
average error probability can be written in a closed-from as 

( ) ( )   )/1(
1

)( 0
)/(

0
0

f
f

f
direct berfc

b
b

eaberfcaeP f γγ
γ

γ
γ γγ +

+
×−×=

  (9) 

Note that for γ0 = 0, a = 0.5, and b = 1, we obtain the well 
known probability of error for BPSK transmission over 
Rayleigh fading channel [9].  

In order to calculate Pdiv(e) we need to know the equivalent 
SNR at the destination. By assuming that MRC technique is 
employed at D, the instantaneous output SNR is the sum of the 
instantaneous SNRs of the direct and the indirect (cascaded) 
links 

 fdrsequ γγγ += ,,  (10) 

where drs ,,γ  is the SNR of the indirect (cascaded) link S-R-D, 
which is given by [12]  

   
1,, ++

=
gh

gh
drs γγ

γγ
γ  (11) 

By using the same approximation adopted in [14]-[15], the 
equivalent SNR can be approximated by its upper bound ( bγ ) 
as  

 ) ,(min ghfbequ γγγγγ +=≤  (12) 

where min(x, y) is the minimum value of x and y. The 
approximate SNR value ( bγ ) is analytically more tractable than 
the exact value (

equγ ); and as a result, this facilitates the 
derivation of the SNR statistics (CDF and PDF). 

Since hγ  and 
gγ  are exponentially distributed, the PDF of 

),min( gh γγ  is also exponential with a mean 

)/( ghgh γγγγγ += . The unconditional error rate (Pdiv(e)) can be 
computed for the two case γγ ≠f

 and  γγ =f
 as follows. By 

defining a new variable ),min( hgfY γγγ += , then the average 
error probability Pdiv(e)  can be written as 

A. γγ ≠f : 

 ( ) ( )dybyerfcyfaeP fYdiv ∫
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≤=
0

0   )( γγ  (13) 

where ( )0γγ ≤fY yf  can be derived by using the same method 
in [13] as 
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Then, Pdiv(e) reduces to 
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where 
ffb γγγλ /)1(0 +=  and γγγζ /)1(0 b+=  

B. γγ =f : In this case )( 0γγ ≤fY yf  can be written as 
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Substituting (16) into (13) and doing the integral and some 
simplifications, Pdiv(e) can be written as 
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By substituting (6), (9) and (15) or (17) into (5), we can 
have a closed-form expression for the error probability of the 
amplify-and-forward incremental relaying wireless cooperative 
diversity network over Rayleigh flat fading channels. 

B)    Outage Performance Analysis 
In this subsection, we derive closed-form expressions for 

the SNR outage probability. In incremental relaying 
cooperative diversity networks, if the SNR of direct link at the 
destination is less than the threshold value γ0, the destination 
will need assistance from the relay to send another copy of the 
source signal. In this case, the relay will send another copy of 
the signal but there is still a probability that the overall SNR at 
the destination is less than γ0, and in this subsection we will 
determine this probability. 

The SNR outage probability can be easily derived as 
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By using the same approximation for 
equγ  in (11) (i.e., using 

bγ ) and noting that bγ  follows the exponential distribution, 
then P(out) can be derived and written in a closed form as 
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IV. NUMERICAL RESULTS 
Asymmetric network geometry is examined where the relay 

is located across the straight line connecting the source and the 
destination. Direct path length S-D is normalized to be equal to 
1. We also denote d as the distance between the source and the 

relay. In all presented results, the path-loss exponent α is 
assumed to be equal to 3 and the signal modulation is BPSK. 

Fig. 2 shows the bit error rate (BER) for different values of 
γ0 for the incremental relaying scheme. Fig. 2 demonstrates that 
the cooperation significantly improves the BER performance in 
comparison with the direct transmission. This is expected 
because the cooperation benefits from the diversity gain as well 
as from the path-loss reduction. Also, Fig. 2 shows that as 0γ  
increases, the error performance improves because we will 
benefit more from the diversity. Fig. 2 shows also that at high 
SNR, the error performance for incremental relaying scheme 
tends to be parallel with direct transmission, which means that 
the system achieves virtual antenna array gain but not diversity 
gain. This is because at high SNR the destination will rarely 
need any assessment from the relay. Finally, we can conclude 
that the error probability for the incremental relaying lies 
between the direct link and the regular cooperative diversity 
scheme. 
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Fig. 2. Error probability performance for incremental relaying. 

Fig. 3 shows the channel utilization of efficient bandwidth 
cooperative diversity network. We mean by the channel 
utilization the ratio of the useful frames transmitted by the 
source to the total number of the frames (transmitted by the 
source and the relay). Mathematically speaking, channel 
utilization CU can be defined by the ratio 

 
Total

useful

N
N

CU =  (20) 

where Nuseful is the number of useful frames and NTotal is the 
total number of frames. It is known that direct transmission has 
100% channel utilization. Regular cooperative diversity 
network has 50% channel utilization since this system always 
needs to transmit the source signal in two phases. Obviously, 
the cannel utilization of the incremental relaying will lie 
between 50% and 100%. Fig. 3 shows when the SNR detection 
threshold (γ0) increases the channel utilization decreases. Fig. 3 
also shows that incremental relaying cooperative diversity 
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network gives high channel utilization (very close to direct 
system) at medium and high SNR. For example incremental 
relaying scheme at 15 dB reaches 90% channel utilization and 
P(e) = 10-4 for γ0 = 6.92 while direct transmission has 100% 
channel utilization and P(e) = 10-2. 

0 5 10 15 20 25 30
50

55

60

65

70

75

80

85

90

95

100

Es/N0 dB

C
ha

nn
el

U
ti
li
za

ti
on

d = 0.6

 

 

γ0 = 2.71
γ0 = 4.77
γ0 = 6.92
γ0 = 9.09

 

Fig. 3. Channel utilization for different values of 0γ . 
Fig. 4 shows the outage probability performance defined in 

the previous section. Form Fig. 4, we can conclude that as 0γ  
increases the outage probability increases. The reason is that as 

0γ  increase the probability that the summation of the SNR of 
the combined signal is less than 0γ  will also increase.  
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Fig. 4. Outage probability performance for incremental relaying. 

V. CONCLUSIONS 
Incremental relaying cooperative diversity network is an 

efficient technique that can be used to save the channel 
resources and use extra channel resources only when it is 
necessary. We have derived closed-form expressions for the 
error and outage probabilities.  

Results show that incremental relaying technique can 
achieve significant spatial diversity with a high channel 
utilization compared with regular cooperative diversity. Also, 
results show that the channel utilization and error performance 
are highly dependent on the error threshold employed at the 
destination. Obviously, the value of this threshold depends on 
the application used at the destination. Furthermore, it can also 
be seen that incremental relying has high channel utilization 
comparable to that of the direct transmission particularly at 
medium and high SNR. 

As a future work, this work can be extended to the decode-
and-forward relaying scheme. Also, this work can be extended 
to more general fading channel models such as Nakagami-m 
and generalized Gamma fading channels. 
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